f-_/od\'\'v. b Po.\h\\— Would it be handy to have Real nhumber arithmetic?

Can we approximate that?

Use n-bit scaled-number representation? Integeri represents k X i; k is some fraction.
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We need 1.

RepresenT OF

Is there some other value we
1 ? can do without?

00--00 - 0
-r2?><1.0 v 0

Use it to represent 0?

How about sacrificing the smallest value? -123 1
Most negative 8-bit exponent? 10000000 = -128 ;l, X . O

0100000000 -+ 0 +0  mayb e with that?
mears +0 ey e win e

3
Here's a. nice number for ph«,sics/chemis'frj: £.023 x 10°

i : 20
Do we have enough bits for this? £023 % |0 w/ ecror 5

~ éx;{m
Ngxg\lo
=2 — 13-bit frac'h'ono.l par"’/
exponen'\' we have 23 bits
3 i : 3
0 =10 = 100~ (") = 2" —E=+380

8-bit 2s-comp. exponent range is -127 to +127 /

Sor'l'fnj FP

Sorting is common.

Check x > y seems hard.

Check n>m forints is easier: ( n-m) and check sign bit.
Check x >y using integer hardware?

Treat x and y as integers, do integer subtraction?



Lel's ook al FP foema, bt by bit

Si5n b"l' X Do(x-y):

X >y as 2's comp. integers

tj I pos. FPs > neg. FP

It works, so far.

Now we check case when x and y have same sign.
exPonen'\' bftg
Not good:
X (00 g

negative exponent makes it look like x < y

Yy lol
But,as FP, x > y

—> Make d// exponen"'s S0 ﬂ)a.'/' nej. are fess as u»lSijneA
E— re-Cer Z,S-Co'mP

value 3-bit 2s-comp new code

000 +3 011 110
+2 010 101
+1 001 100
0 000 011
-1 111 010
o 010 -2 110 001
-3 101 reserved 000 for O
-4 100 reserved 111 for NaN
New code = 2s-comp. + 011
100 "excess 3 code"
3-bit exponents AS unsigned ints.
Negative exponents ][or V\~kl'" cacponen-l'
look smaller than
Positive exponents
n-1
add 0Ol = 2" -|

8-bit cacponen‘l'

Fractional parts are already unsigned:

We can sort FPs! dt“ '17 “QXCQSS 127 Coée"




Reservec)

1.1 0 | to0 0.0 0] 0(*0)

1.4 £+ 0| NaN 0..0 £#0| net hormalized
Z—\lb Of

S-L'."'FPJ ADD 1. Convert exponents:  excess-3 ===> 2s-comp.

X [00010110 01100110] +2%x|.0110
Yy [01100010 00110010] +27x1.0010

&___., +3

2. Shift/Align fractional parts: make exponents same,
shift x's fractional part right 5 places

X +2%x0.0000l0110
y  +27x1.0010

3. ADD +2°xl.0010l0110

4. re-Normalize: shift fraction and adjust exponent (not needed in this example)

+27x 001010110

5. Round to 4-bit fraction: round-to-nearest ( or round-to-zero or ... )

+Z_+3X IOO 1 0 6. Convert exponent (+3) —_— 01100010

Uh Oh. That'sy ??!

) 4 = , Be Careful: discretization, rounding
Errovs: X 3 3‘ errors can add up ===> big problems.



€-bit FP, MULT

= +2°x10110

X
+3
y = +2°x|.0010

X 100010110

3 O I I OOO' O 1. convert exponents
X

J

01100110
00110010

2. ADD exponents &)

25%1.0110
+27°x1.0010

+ |
+2 l 3. Shift fractions,

mult. unsigned ints,
add exponents

-4

4. Normalize |0| | 0 XZ;L}
X |0010x2

1000111100 x7°

2 % 1.000011100% 2

/ 5. Add exponents

+272% 1000111100

l 6. Round ( might have to normalize, then round, then normalize again.)

+Z+2X 1.0010

\7. Convert exponent and encode

01010010




Round-To-Nearest

guard j  ExtraFP unit bits:
rovn R-shifting sends bits to guard,

(g‘smk‘j round, and sticky bits.

\ Sticky stays 1 once set.
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The prola/em case
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| bs2 by +-- b0

Always round up? Always down?
50-50 chance of either up or down?

Let bo decide ===> 50-50itis0or1

l.bs2 by -« b, |

b\ 00 b \[100
\ Either way, \
| | | l l l l l :)to — di | | | | | I L l
1 I | l I I arter rounaing 1 I 1 l U l
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TRUncale round to even "



C&Ve"-" to 32-kt FP | whe=2%

Subtract largest possible power of 2:
28 - 16 == 12 ===> save 10000

Subtract next largest possible power of 2 from remainder:

1“00 B 12 - 8 == ===> save 1000
Subtract next possible power of 2:
< 4 -4 == ===> save 100
21,1100

(Eeneed
23 bits

000000100110---0

(NNRENEN
* )@ exponenf % eu@

010000011 110.--0

¢ Latency in cycles of common arithmetic operations

¢« Source: Software Optimization Guide for AMD Family 10h
Processors, Dec 2007

= Intel "Core 2" chips similar

Int 32 Int 64 Fp 32 Fp 64
Add/Subtract 1 1 4 4
Multiply 3 5 4 4
Divide 14 to 40 | 23 to 87 16 20

+ Floating point divide faster than integer divide?
+ Why?

CI5371 (Roth/Martin): Floating Point 30






