. \ _ | |10 |00
Y“““‘P \a- Does X2 == Left Shift? |0 x 10 X 10 Works for powers of 2.
10 100 1000
right-medt 1
How about in the C. c | C; ¥
general case? 2'x= X +xX —>= ) TIEEE x;,ﬂx | - 0
+ %, ... 'Xm X |- -+ 0
OhC;, Coei Sp - Siﬂsa o -0
'X;, = O 0
g S,=¢C Cin™ X,
+ X, (i‘.s S, = Ci, = X,
x =
S; = C3 All bits of x are shifted left.
X2 MULT == Parallel load, Left-Shift Register
D,_ D D
! (} %3
Q D D 9 Q D ‘N D S
( /l\ “‘lﬁ we A We A Q we IN
S s T s IR
QZ. Ql Qo {'
Parallel Load : we=1 and S=0: Q[2:0] <=== D|[2:0]
Shift Left : we=1 and S=1: Q[2:0] <=== {Q[1:0],IN}

2-bt X 2 multiplier —> 3-bit resolt

0 b b
)4}
0%, | %,

x|:\n0

Signed numbers:

1. make unsigned;

2. multiply;

3. make signed;

Oad M
D« O



General MULTIPLY: y X X == (101) X (XnXn1... X1Xo0)

Y : Multiplier =
(001)X XnXn1.ee X1X0
+ (000) X Xn Xni1... X1Xo0

PPx == X Left-Shifted k + (100) X Xn Xn1 ..o X1 X0

SUM of partial products (PPx)

k-th bit of Y is,
XnXn1 e X1X0 (Oleft ShiftS)
0: add 0 ]
+ 000 ... 000 (1Ieftshift)
1: add PPx 4+ XoXni .. X1 X000 (2]left shifts)

Ign-l Y 5°|

shift >
G...* G G G SJ
zh- A 10 n-bit MULTIPLIER
S =0,
- Cost, Hardware: for i=0; i < n; i++
ADD;
3.5 2n-bit registers, SHIFT;
1 2n-bit ADD
1 2n-bit MUX: O( 2”n)
1 controller (iterator) Can we do better?
===>0(2n) + O(2*n) --- Hardware cost?
--- Cost, Delay per iteration We can get rid of MUX

(How? Hint, write-enable.)

logn for MUX per iteration
2n for ADD per iteration Other ways to use hardware?

===> O(n(logn +2n)) --- Delay cost?
Alternative methods?



3-bit Parallel Array Multiplier %o /yz
--- bit-wise MULT == AND
3, %jo
--- 9 1-bit MULTs in parallel 7"

_ A
--- 6-bit output yl / I \/ 4 /7‘110\
--- 6-step ADD delay
BN \( &

%4, )
S‘—q-) lj. N //{‘o!h
Sy o

&
—d
»
o —3

n-bit Array Multiplier

--- Hardware: O(nA2) (1-bit ANDs) S,

+

O(2n) (1 2n-bit ADD) EP
--- Delay: O(2n) (2n-bit ADD) SZ

|s T/)Cfe Somcflll‘r\lj In be'l'weey.?

recufsive
STRUCTURES @ hrdded
recufsive
E E STRUCTURES @




b WV IF y*2 Left-Shift

=== THEN y/2 === Right-Shift
ctl=0
1 bn-l N /N~ Log_ical R-Shift
o 1, bn bn—l b, b |— bo fills zeroes at left
J——— ctl=1
ctl ﬁﬁH"smﬂ. Arithmetic R-Shift

2s-comp. sign extension

R-Shift(n) == divide-by-2An . If divisor is not power of 2?

Ivf"eger Division = drop rewainder remainder
R-shift rered /1
3 oFd =1 0 1{ = 000111

R-shi-ﬂ' remainder ignored fl

— [0)/0]0) 111

i a'n'ior
X = %’k*r ;;:zur‘hsen'f

r (cmau’naler‘

divBySubtraction( x, k)

0
X

q
r

LOOP
(r <k )? return gq

r=r -k
q++

Time = &(4)

i= #/'Qs' m X
Ak khkrkhrkiriAir

think, unary representation

divByAddition( x, k)

qa =20
sum = 0
LOOP

sum = sum + k
( sum > x )? return gq

q++




Uold Bk O(lgg) = #blk 44 —= oy divsion,

1. Try n-th power of 10, ¢»(00...0 »00...0 100
AR) % 3)176

<=== - kX nOO...O
X X q —k‘fy.OO...O -3-100
IF X <0 (n=0 L -124%
2. Try (n-1)-th power of 10 50 Save £0
X <=== X = k an-IOO...O 3“ ’ 76 -
-3-50
IF X non-negative = save (Jn-I 26
X <=== X = qun-JOO...O ADD
8 Save. 8
: 3) 26 —
Repeat until X < k
-39
( <==sum of saved partial quotients 2
== ql’l ql’l-l ql’l-Z ql qO 5%
We can implement this method in hardware. In binary, (Jn is always 1 or 0.
— n n-|
L= kg e kg kg I kgo:f
%’al ProJUc‘}'
Tryqi =1 Y — /IQ 7 lt IF non-negative, save (i =1

ELSE save i =0



X =kq+r k = divisor, ¢ = quotient, r = remainder (ignore for now). FIND q.

) e: 9,=1
(%—/I(-Hln) >0 ° %?‘M 6%“:0}’:3“00 00 -+ 00 7’

o: 1
gy » 07 {0

R-S_h';_f_f‘ Regfs"'cr
LG-l bn bo
ALxn oo X %|  JOLKa[Kni[ e (K0 K- OO K divisor

wrile-enable
Y
00000 -+ 004 %
-——
L-Shift Register
After each SUB
register ¢/ gets 1 or 0 aslow bit (i) ﬁm)(, = nO’(Zn)
register X is written if (/i =1 ;
an bit
register k Right-Shifted ( initially, k is Left-Shifted n bits ) SUR

register (J Left-Shifted ( after n shifts (Jn is left-most bitin ()



Approximate Methods ‘DV\-\ bK bo

MUL v appor. g N = [o0oloolls]ielelos
N = b ke (b2 T b ATh)
_ 1% (bk-‘.f + L,k_zlmn»---ba)
- Q’h( {+b d'+ Lk_zsz'ﬂ ST
= 2%(). bey by - )

/&i (/\l): /{Z*Upoi(ll bk-llok'Z"'b‘) L = honta. S ik ﬁ&
L) = & + (0 bt by . bo)
+ Lim)= gt 0b b b)
hsj * (bo,l,_' b_J\

/k+j+ b, +(0.b, b—J)
Q\IfLJ«JJf bo x Z:I(O-b-l b{h

= a\r X (’].b_, b-J)

|
J

- [ 1 r-2 r-) h..01 M M
L+ b4 +L_29\ $ooe % b_jQ L(]'j
i MO}\ by by bxi 0.4 0--. 0 » 0 |V
r-ﬂ‘ Poc;'\'(.ﬂ’\ + 00 i O IV'
/14-+J+.l)° + .01 6 ... olP
b, |
J/I-.U

b, < Ca(fa



k=n

until( L-Shift( N ).carry_out == 1) k--

j=n
until( L-Shift( M ).carry_out == 1) j=-

II;%-SSrr]]iifl:[t(( Frii,l(r:j(&+j)) 5 O h) SAiy[YL:
R-Shift( M, n-(k-j) )
A O(x) ADNs

MxM  etcor % 0.

P<==N+M+P

%ﬁ;ﬁ’=ﬁ= 4/}
X i 3 bits x (B ® %]
% w3 bits, . x % (B & oz
[ 4 | %o |
FEN [6 MULs
KN
[[Ys | %o |
KN
R
% [ ]
5 %



Dy RY(1+5) + s (B (1+%)  ema & s /5

= (bpAyB)( %)
(bt I B)(1475) i ehd
%fA = [l +f) 7}2& /:“'j“
B8
™D _ g ()
A.8
(AB ,')’ = (l+€>
e A=k = (&k)?*(HC)
TTVE\" 2% = o) < M(”{)
S AT <
_ ) 2%) S STERTBY
X < 171,5(2?!)— 2 ;;Z
k< 3 2.
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1 2 H 3 16
Z 242 47 347
1414
3X4 ( notation, let RT2 == SQRT(2) )
Interpolate to log(3):
4-2828 == 1172 value range from 2 RT2 to 4
3-2.828 == 0.172 value range from 2 RT2 to 3
0.172/1.172 == 0.148 value fractional range to 3
2-15=.5 log range from log(2 RT2) to log(4)
5X0.148 =0.074 interpolate log fractional part to log(3))

log(3)=1.5+0.074 = 1.574 interpolate log(3)

real value is about 1.585, we are off by about 1 part in 160
mult by adding logs:
log(3) + log(4) == (1.574 + 2) == 3.574

Interpolate to exp2( 3.574 ):

3.5-3.574 == 0.074 (range of logs from 3.574 to 4)
0.074/0.5 == 0.148 (fractional range of logs)

16 - 8(1.414)=16-11.31 == 4.69 (range of values)
(0.148)(4.68) == 0.694 (fractional part of range)

11.31 + 0.694 == 12.004 off by about 1/3000




