numbers

Di is a "digit",
a symbol for a value

value( Di ).

B is a value,
the "base'" of the number notation.

Given a string of digit chars,
Dn Dn-1 Dn-2 ... D1 Do

there is a rule, an algorithm,
to find the value it represents.

110 —> DZ.=1 D1=1
yalue(110)

b =

Lvdue(?)

.22 +1:2' + 0-2°

Positional notation for numbers

unsigned 3-bit binary:
— { Di } = { "0", "1 " }

value( "0") == {}
the empty set

value("1") == {{}}
the set containing the empty set

---base, B == { {}, {{}} }

written "2"

0
D(' - Va.lue( D" ) * B‘.

1-bit ADDITION: AB|S=XOR
0o o 1V 1 _S Tl
Cin +0 +4 +0 +1 o b
A 0 1 1 10 133
+ B chm"
w/ Carry In: —_—
Cout S 6 1 % 11 %Tx_ R
0 -
i 111
A ‘
I
B ‘
2D-
A— covr
B—1
Delay: 1 per gate

1-bit Full ADDER

7 forS; 3 for Cout



4-bit Full Adder: As B, A, B, A, B, A, B,
L L1 I I
Lhhas i irna i
Cl.]. —1Cwr  Cin Cowr Cin Cour  Cin Cur Cin— Co
Cs+ S3 S2 S1 So Is Is f Is
S, S, S, S,
"
A B 4-bit ripple- carry. ADDER
T Covr Cin —0 d l
S ed‘) =
14
SUBTRACTION:
Xo w/o Borrow In:
- Yo
s 0 0 1 §$=X0R
1= -_9_ -1 -0 -1 B= X-Y
o - 1 0
w/ Borrow In:
- -1 1 —
) 0 (1) 1 §=X0R
0 4 v A =Yy
T -0 0 -1 BEXY
4-bit NAND
AsB, A.Ba A, 8, AB, 4-bit ALU
S TR
. N 1 ¢ .
NOR NAND| —{ ADD |0 { SUB |0
*q *L} JZ] |7 H | 2]
A V B
¢/ _OTL 1 1 ot 00 z "
S 2 Y
7 {



Uv\s'\jheal Arith. Sreors [ a-bit numbers

A + B > 7 ===>Overflow Error +
- Carry s nol in .
S == (A+B)mod 8 < 8 - j S Ecror "F
A-B <0 ===>O0verflow Error
S == (A-B)mod 8 > -1 «— borrow is no'l' in § C/ b =1

o-rher NVM be‘ EV\COA"|3$ Shannon Coding? How many bits do we

need to represent something?

W/ n bits we Kaye X diffecert n-bit pa,ﬁerns
—> We can C/MOS'E in]ter P{e','a,'hbn

What other number values are we interested in?  Are other encodings useful?

3-bit Unsigned Scale Integers 3-bit Sign-magnitude Integers
CODE VALUE interpretation CODE VALUE interpretation
000 0 000 +0
001 8 001 +1
010 16 010 +2
011 24 011 +3
100 32 100 -0
101 40 101 -1
110 48 110 -2
111 56 111 -3

3-bit 2s-Complement Integers O
CODE VALUE interpretation 000 1

-1 1 001

000 0
001 +1
010 +2 -
ne +2 2 010 2
100 -4
101 -3 o] 3
H? : 3 - 3 o) 2s-Complement

109 convenient for
,+ addition/subtraction



w-bit 2’5 Co vr\p\mm‘\

0

7\

-% X

+2" -x

by deck () 2

~Y — (;L“— 'x)

3-bit unsigned arithmetic, ignoring Carry/Borrow
====> MOD 8 arithmetic

Moving -3 == Moving +5

Subtract 3 == Adding +5

010 + 101 == 111
+2 -3 -1

We can represent negative numbers.
We can do Add and Sub using only an adder.

ADD/SUb w/ sighed-magnitude? How?

All the way around is + 2n
Stopping short by x is

2An - X

(e - (- 2| TVremp = B =873 s
=X (— (—332,5“,“1)323““\0 e "5 = §-5 = +3
-(X) = X

I Qxf' com‘o.




C_oywe\"'h'\ng \o““& 10 7 10 10
2% Cowp 7 ARV el
n ST R R
n-bit A=100-.0000.0
- X = - ?(V\-'\ X’n-z. o % -j 1 O O O
S = 5 S S00-0
Is there a simple, general method? s lzL?e%";zesr? bit
o ®® bee*] =
1 ;l“ RN AT sull;?rrargtw g?t:j (1)
=Yg - O T /‘ 1 0 O 0 O sum bit= 1
'X‘_/k - X‘ - - 9(“'\ KIV\-Z. o n-j 1 O O O
borr - — .
= bit flip. (1“-x) = X X =% 1000
n-y w2 n-j ) +1
@Q-x)-1 = \ O S
NB--These are the i 2sComp( x ):
negated bits of x. “ej a:‘- Negate bits,
add 1.
Xo= X K X N
n- n-2 n-j

Does (27n - x) work all the time?

Does "flip bits and add 1" work all the time?
zero 0000 ==> 1111+1 ==> 0000
most positive 0111 ==>1000+1 ==> 1001

in between 0110 ==>1001+1 ==>1010
least positive 0001 ==> 1110+1 ==> 1111

least negative 1111 ==> 0000+1 ==> 0001
in between 1011 ==> 0100+1 ==> 0101
most negative 1000 ==> 0111+1 ==> 1000!

OK! Carry doesn't propagate to make result

Oops. Carry propagates, makes result negative.
positive. P y propag g

Subtraction Using an ADDER

Produce - x in 2s-Complement (regardless of whether x is + or -):

Negate bits ===> NOT each bit
thenadd 1 ===> Co=1



A +lsCoMP<B) A-R = A+ (V@

S
oo |~ A
cos 1, is SUB
%0 oﬂnerwise}
T 7
5, S,
s - Comp. Errors : 0varflow
0 0
000 1 000
- T o0l -1 001 1
-2 0w 2 -2 10 010 2
0 3
_3 J0) _3 o) ol 3
10g 10g
~y _y

Adding same signs, and sign flips:
Overflow ERROR






