CODING and INFORMATION
We need encodings for data.

The Info Game
--- Knower knows where ball is.
--- Asker wants to know where it is.

--- Only ask YES/NO questions.

ARE ALL questions equally informative?

Where's The ball?
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--- What's the MIN number of questions?

--- average case?
--- worst case?
--- best case?

--- Is there a good series of questions?

--- How much information does an answer give?

Sufpoze (1(!&“’ fik&la, m CA.co\ b#‘ M, *m (%/5)1,?
Wha ¢ e%;)ec?‘eo( number of 3‘,3;[,;,“5?

P(Hit1st) = 1/16
P(Hit2nd) = P(Hit2nd|Miss1Ist) P(Miss1st) = (1/15) (15/16) = 1/16
P(Hit3rd) = (1/14) * P(Miss2nd and Ist) = (1/14) (14/15) (15/16) = 1/16

E(n) = 1%1/16) + 2%(1/16) + ..

+ 15%(1/16) + 15(1/16) = (1+2+3+..+15+15)/16 ~ 81/2

Does. that mean thae wn =2 bits 7&7[02m¢7[l‘on?

hd 4 we ankel fmféusAoiﬂmL the answo, i 50/0

td.es/no each Time !

P( Hit 1st)
P( Hit 2nd )
P( Hit 3rd )
P( Hit 4th )

1/2 ( 1/2 the boxes eliminated, 8 boxes left)

1/2 ( 1/2 the remaining boxes eliminated, 4 boxes left )
1/2 ( 1/2 the remaining boxes eliminated, 2 boxes left )
1/2 ( 1 box left, we know the answer)

Uonip. Whes  qustios. —> Y bifs  infomalion?

Pob =Yy = 1 bit ?

imand of vefornatiin ia A () = 1 bit?

P ;—«aﬁz}n



How about sending actual bits?

There are 16 boxes, label each w/ 4 bits.

cﬁues'hbn = "I nent fit 0?” ﬁ”d)/}h) = ?ro‘o(m\ = y&

4 bits sent, info is 4 bits.

How much Ctmjfe/x'} mformahcm mual  we er ﬂﬂ 7%} fo wm,/<?

Ordering of boxes?
Which bit comes first?

Game: Darts Info

Throw dart ====> uniform probability
Set divider so that 1/4 of area is on left side.

3
Ask, "Dart on Left side?" 'oml’(”l“-,- Oh RB = /91

roblys) = A = = Jy(a®) = auil
blm) = > ByA) < st Cyn < dt 1 B

Expected number of bits of info per question?

F o= (Abts)Robiabits) + (4 bit) Prob (4 bit)
= (Abts)Y (%) + (wwl(%) = 7% 4t

EXTrQMC CA se Let's see what happens if we move divider far to left.

Pfo}?(‘3“> = 1/Q1° Pro\o(ho) = 1- 1/Q1°
E - dya)(ar) + oy (- )

= (0 bE)(a™) + (a b)) A1)
~ %oo bits pon ?AM
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Shared Context:
Pool of Messages
Encoding/Decoding Method

The number o A sonl amsts, Swnel mm“'&/mx/fm

amouvﬂtd’) imfnma.'l]bn m  alream o’b messages .

Suppose our pool of messagesis{a, b, ¢, d }.
Suppose the probabilities of sending/receiving are,

Prob(a) == 0.1 Prob(b) == 0.4 Prob(c) == 0.2 Prob(d) == 0.3

Two questions:
1. What is the average information bit rate?

2. How can we encode messages to approximate that minimum bit rate?
Shannon Information Theory is also called

"Shannon Coding Theory"
"Shannon Minimum Compression Theory"

Hu“mn foo‘mg col b’j paurmj /QASJY Még me;ﬂge o b ;ﬂf 50/50

fa’tm %«eafwn = hMe;mje_ a orc?’ e.q.
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code  Message  Prop

Can you decode

messages? 000 a 0.1
What if receive 5 001 c 0.2
messages?

01 b 0.3
Where does one
message begin and 1 d 0.4

end?
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— a b c d
0 log (0.1) + 04 fog (o) + 0 log 02) +03 \aaco.zs:l

033 + 0.5  + 0.4, + 0.5'1:|=1,3‘/

imformation rafe of sender = 1.8% biks per message

How'd we do ?
000 001

4 01
Avg. #bits sent, | — (0. N3+ (OH\‘I + (O.'.l)'s + (0,33 2

using our code.
2 3004-’ 0> + 04 + 046 + o0b =19
bt ree through Samed = 1.9 biks pu message

We are sending more bits than information content, but we are very close.
MIN-Length code ==> MAX compression ==> most info bits in least number of communicated bits.

Suppose n different "messages" to send, n = 2°k.
Maximum entropy => equally likely: Prob( message-i) =(1/n) for any message-i.

Expected information per message is,

Sum[-(1/n)log[ I/mn]] = -n(l/nlog[1I/m]) = -llog[2*-k] = -1(-k) = k bits per message. If we
use a k-bit code for our messages, we will be 100% compressed. (k-bit integers? Are they equally likely?)



Is that the only code that works?  Change code to have fixed humber of bits?

(4)? (C)? (4 of‘b)? COJQ 7}7655&3(’_ Prob
0/ \ 0/\1 00 a 0.1
4/\b /\ 01 b 0.4
o1 04 a2 03 10 c 0.2
11 d 0.3

How'd we Jo,?

Avg. #bits sent,

00 01 10 "

using this code. (O‘ D 2 + (O‘LBZ + O‘D‘) 2 + (O'BB 2

M@ jooJ./ = 02 + 0.8 + 0.4 + 05 =19
bt rak theough Hamel = 1.9 bils por message

Huffman Algorithm Code: guaranteed to minimize bit rate.
Are there other codes? YES. Are they more compressed? NO.

Is there anything else we can try? Pairs of messages?

bit rale per 2 chars = 3 (00 + 04+ 012+ 0.07)
+ 4(0.08 + 008 + 0.0t 004 T o.o&)
+5 (003 + 004 + 0.00 + 002 + 0.3)

+4(0.02 0.0|>

= 3.73

—» 1.365 g0 chn

¢
0 oé, 0.06 What happens as the
. number of chars goes up?

0.03 0.04 0.04 0.0z 0.03

ca A&aa
0.0z 0.0



Ron Length gncodi "9

{ik o 51 bif;

File is series of alternating runs of

Os and 1s. 00000001111111000
00010100000000111 —> 77, 5, L 1, 13}%
Keep only length of each run. 11111111100000000
9 integers.
10 digits.
9 commas?

How many bits per digit? Lets say 4.
How many bits per comma? 4 also?

====> 76 bits Hmmmm.

100 x 100 hil- map '!Maje £l

1= black = white

—> 5000, 5000

9 characters @ 4 bits ===> 36 bits, Wow! Lossless compression.

0,000 bits ,L/?) ,Ao,ﬂol o ‘I%m W/M]ta’/Séa/nnm\/? H?

fob(0) = Prob(1) = Vo -H= (B)Ieg () + (5) g (5

H= 1bd pa image bit 7

Prob( {035;000) = Prob( {1}5000) = Ja
H = 1bd pu '/;{ Cn7LIY€ mcge.’_?
H assumes independence between
messages. Here, lots of dependence.
A = SMa|]es+ Ae'}a-]'a,l)lé VOHAJQ A\'{-'Fe(cv\ce. Also, not enough messages.
— Sabye,dl L% §o b, 24, 30}
0 3A

A JA

) ¢ Houl n)a/nj bifs PU fh')eymdae? 1 bhit?
How jaJ carL you send J\&Mger m vo{f(yl:e?

sw}MWg (‘/lea,+<.5 noise. .



S rror be:\'ec.T\'m/ Correction

"MESSAGE" Comm U'N'Mmh
cﬁanﬂe/

message coded in 1 bit

"1" —>| encode [>T —chamel > 0 — decode |- "o

2-bik wcot}lba

"message" could be a bit, a string of bits, a
character, a page of characters, ...

massace”  Pink Parfher

1- Ll‘\'

Erraor

het Je"l&c’fl.‘olﬁ

" = encode [—>11 —chamnel =10 —>| decode | "Error

Code words: 00 and 11 --- codes for "0" and "1"
Code words: 10 and 01 --- signals a 1-bit error (odd parity)
k-bit messages w/ 1 parity bit --- detects 1-bit errors

What if 2-bit error?

Hamming Distance == number of hypercube edges

message code

"0" 000

"1 "w 1 1 1
Distance between code words ==
1-bit error ===> distance == 1
1-bit error CORRECTED :-)

2-bit error not detected :~(

Select code words at distance > 3?




1-bit Correction, 2-bit Detection l'b'{l' errof

Code Words: 0dd po.r‘\'l'
"0" ===> 0000 corre cle cl

" —==> 1111 [

no error, or #errors > 2

How many bits are needed?

Depends on noise:

Shannon Noisy Coding Theorem. 0000 1111
Can you think of a scheme like the parity-
bit scheme that uses as few bits as
possible? (See Reed-Solomon codes, for
instance.)

1100

More bits, higher error probability? ('\J
2-bit error Je'fec'l'ecl

Min. //a/mmixy Diﬂlamc bcfwcen code worc)s
— many bt s we cam handle.

What's the probability of more than 2 bit errors?



Hamming (7, 4) Code ( Single-Error Detection, Single-Error Correction)

7 bits per code word:

4 data bits

3 parity bit coJe worCl = Cjtaz A; JL, P\ PL ?3

P = P“rl"Lg (‘J: CLL AH)

Qﬁa P-,_ = Par’A’g (dl Cl3 AQ
v P3 = f’a.r'LJﬂ} (Clz 43 tllf)

Guaranteed min. distance between

code words is 3. \_‘).‘-} I-biT
. evr(oy erroy
1-bit error: can detect and correct
/\ //\
. . 0] O O O
2-bit error: cannot detect /
code dok
word word

What can we do about 2-bit errors?  Add another parity bit.

by = P”% (44,3 ¢ py o pa)
Code Lovd = Alaa a3 3.., P P> P2 Py

— §/S7L€P5 min % et code word

1-bit error: detect + correct
* \-Bd’ I-biT

erfoy errey
7\ N
0] -O- O0—0—O0
(1 \/
code . code
word d-bit ervor word

defscted

2-bit error: detect




Hamming 7,4 code:
Find distances to all other code words from 0000000.
T f 1\ ] GREEN-PARITY: Bits[ 3,2, 0]

BLUE-PARITY: Bits[3, 1, 0]
0000 0p0 RED-PARITY: Bits[ 2, 1,0]

B I e =)

Jis‘hhcezé‘ 0010011 0100 1pt 1000 410

1110 ooo 0011 400 0101 0140 1001 001
distance = 4




0t her encobings

ASCII (See back cover of PP)

HEX CODE MEANING Printable?

00 NUL ho

o1 SOH ho

20 s;ace yes

30 0 yes

31 " yes g-bit

41 A yes Q&) .

42 "B" yes -

00000000

61 "a" yes

62 "b" yes

00000001

7A "z" yes

i.c-)ther stuff, no.r-i.-standard) 00000010
00000011

What to Print
4-byte number (in hex notation)
two 2-byte numbers (in hex)
four 1-byte numbers (in hex)

one 4-byte string

(see "od" in unix)

!

0

0

0

Who's o ﬁrf}?

Te AJJressaJ:le
emarg\ Lrl'g

ASCII Character
h32 ===> '2'
h2F ===> "/
h41 ===> "'A’
h6D ===> 'm'

f)rirﬂL

order

00110010
L

—s 432 2 \L
b

00101111 —>h2F /"

01000001
01101101
(_;/

bss

Starting Memory Address

tp ile

—>-h41 A
—>hfh ‘m’

What is displayed (left-to-right)
6D412F32
2F32 6D41
32 2F 41 6D

2/ A m

reA 3reen blue
(255, 0, 0)

imaﬁe& é\ Pinel

three 8-bit numbers
24-bits per pixel
1024 X 1024 pixels

===>1Mx 3B
== 3 MB file
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+
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WA YA
51 Jc= 1/5:(
Jccx) = 1-cos(1ot\ + 2-sin(3t) + 5'sin(at)

Compression

samples o {:(ﬂ"l

1. Filtering:

Eliminate cos(10t) term

Fou ner Wansporm

1. Coding Encoded Souml '.pile’\ l
[ (2,3) 5 (5,2)] (- I s O
( ‘Mdgn‘f}uée, ) )orezuenc” )
JPEG
MPEG } CoDEC CODEC coder/decoder

Convert from/to sound/picture samples






