L We need functions for next-state and output symbols. Since we know we can use {0,1} as a
o 3 1 C symbol basis for both states and symbols, we'll start with Boolean functions.
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pairs (X,y):
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S (0,0), (0,1), (1,0), (1,1) } is the set of all binary 2-tuples.
f ((0,0), 1), ((0,1), 0), ((1,0), 0), ((1,1), 1) } is a subset of all possible pairs, S X {0, 1}.

f is a function; so, there must be exactly 4 pairs in f. How many pairs in S X {0, 1}? How many different functions
are possible? That is, how many different 4-element subsets of S X {0, 1} are there?
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We will start from here, that is, from the simplest functions we can imagine, and see if we can build on this to
construct arbitrary functions. But first, we'll see what the range is we available now.
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e % 3 _ OJ\? jC How many ways to form this column?
Each 8-vector represents the output of a unique
QO g Q0 |(|o 3-input boolean function.
G o1 o \
all (’osnu’é
Ao |o [0,0,0,0,0,0,0,1] ,‘
[0,0,0,0,0,0,1,0] 3-4¢ SN
| o uN
© A1 ) oufpd vectors
190 | °
| O | ° Hmm, counting in binary from 0 to (2”8 - 1).
\ [ ®) o ==> 2"(2"3) different 3-ary functions.
‘ | l 0 ==> 2"(2"k) different k-ary functions.
Back o our task: To be able to build any arbitrary FSM,
We want to be able to build any arbitrary boolean function. we need to be able to build:
Why? . ,
Because we want to build a computer, a UTM. arg!trary next-st?te functions,
And why is that relevant? gﬁ.gfﬁ;y ?UtDUt unctions,
UTMs are TMs, which have FSMs in them. elements.
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NOT, NOR, NAND, OR, AND. Questions: Do we know how to build,

(1) EVERY k-input, n-output boolean function? (n-output = n output columns. Seems hard.)
(2) EVERY 2-input, 1-output boolean function? (Hmm, still unclear, try something easier.)
(3) EVERY 2-input, 1-output function whose output has exaclty one 1?

Hmm, none of these seem easy. The last one seems easiest. Maybe we should explore Boolean
functions a bit more first.



|Pr opoS\T\'oY\S This truth table makes the following statement:
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X ="It is raining" Y ="My hat is lost"
(X +Y) is TRUE exactly when
( ("ltis raining" is FALSE) AND ("My hat is lost" is TRUE) ) is a TRUE statement

OR
( ("It is raining" is TRUE) AND ("My hat is lost" is FALSE) ) is a TRUE statement

OR
( ("It is raining" is TRUE) AND "(My hat is lost" is TRUE)) is a TRUE statement

p% ‘3 AND (X AND Y) is TRUE only once, exactly when
00 o . . .
o1 o ("It is raining" is TRUE) AND ("My hat is lost" is TRUE)
10O o is a TRUE statement
114 |1
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00 { — 7(0,0)=TRUE  has two parts,
O 1 0 --- identify the ROW:
10| ° :
11 1] ° ( ("It is NOT raining" = TRUE) AND ("My hat is NOT lost" = TRUE) ) is true

--- define the function's VALUE for THAT row:
f ("ltis raining”, "My hat is lost" ) = TRUE

"It is raining" and "My hat is lost" are Boolean propositional arguments
Each has the value TRUE
or the value FALSE.
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Decompose to simple functions?
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Simple functions:

Exactly one output is 1.
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They completely and disjointly define f

SIMPLE function

is TRUE for
EXACTLY one input.

"single-1-output function”



Works for any 2-input function!

Decompose f ===> { set of SIMPLE functions }
OR them ===>f

We can
--- build NOT
--- build four 2-input functions ( NOR, NAND, AND, OR)
--- decompose any 2-input function

Can we build every SIMPLE 2-input function?

If so, we can build ANY 2-input function.



