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P(Hit3rd) = (1/14) * P(Miss 2nd and 1st) = (1/14)(14/15)(15/16) =1/16
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a b C d
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We are sending more bits than information content, but we are very close.

MIN-Length code ==> MAX compression ==> most info bits in least number of communicated bits.

Suppose n different "messages" to send, n = 2°k.
Maximum entropy => equally likely: Prob( message-i) =(1/n) for any message-i.

Expected information per message is,

Sum[-(1/n)log[ I/mn]] = -n(l/nlog[1I/m]) = -llog[2*-k] = -1(-k) = k bits per message. If we
use a k-bit code for our messages, we will be 100% compressed. (k-bit integers? Are they equally likely?)



"message" could be a bit, a string of bits, a
character, a page of characters, ...
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Code words: 00 and 11 --- "0" and "1"
Code words: 10 and 01 --- 1-bit errors: odd parity codeword indicates error.
Works for k-bit messages w/ 1 parity bit, but only if 2-bit errors very unlikely (never occur?).

1-bit Error Correction w/ 3-bit code words: m ® 1
"0" ==> 000
"' ==> 111

001 ==> "0" 011 ==> "1"
010 ==> "0" 101 ==> "1" ,.- (4)
100 ==> "0" 110 ==> "1" O 000 /60\

-kt error

1-bit Correction, 2-bit Detection
G({o( “00 1 H'error

-- 0odd parity: 1-bit error corrected /\»\/‘\
. V0
-- exactly two 1's: 2-bit error detected e /o \o o

-- otherwise: no error
oles Lo \1°l
How many extra bits are needed at .

minimum? Depends on noise in channel: ool o
Shannon Noisey Coding Theorem. —— o

oosbd |°ll
Can you think of a scheme like the parity- \ o lio ”‘\
bit scheme that uses as few bits as 000| .
possible? (See Reed-Solomon codes, for ° 00

instance.) 0 |Il

More bits, higher error probability. oLl



ALUJ numbers \

d_i is a "digit", a symbol for a value: value( "d_i")
Positional notation
for numbers

b is a value, the "base" of the number notation.
There is a rule to find the value, given the symbols

A)é:> = Q/n'bv1+ dn-,'bw-l

Vaj"w(yh‘jf\-l e

unsigned 3-bit binary
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But first, let's look at a single column of subtraction

All possible 1-bit
subtractions

All possible single
columns

(b=1,A=1,B=1)
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It's almost this simple in the LCS3. SR2 Fi‘e.
l pudf W E
This is a 3-bit version of LC3 (sort of). - N SR2et SRlevt
IR @
Some sort of function f converts 4-bit y
opcode to 2-bit ALU.ctl. In uCoded control, ..
this function is implemented as 0/1 control )(, B Z
bits in ROM. )
UNS(CXV\&& _rrors c = o_arr;/bowow ov'hbu—\'
c =1 G . (A+8) %
A+B >7 = y mod 7
A-RB <0 = ¢ =1, Sz (A-B)wed 2°

3 . 1 \ | .
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3-bit Code m%erpr&&'ﬁbh as \IaLug

QO
\

We have 8 possible 3-bit patterns (or symbols).

How else might we assign an interpretation to
them?

- T -oQ0Q
f-a"'Oo_,'__OO

What else might we want as number values?



Two's-Complement Encoding: sanity check: 0 - 17
We can represent POSTIVE and NEGATIVE
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C.owve\;h'v\% To &

2% Cowp 7 S Ve e

n - . a4 .
n-bit | =10 0-.00 0
How do we do this K= - 9("" %“'2” . %"‘J/I 0

simply, in general?

S = S 5.5

Notice: The 1st non-zero bit
of x gets copied to sum S:

~ N\ m/‘il borrow = 10

1 n 0 subtract bit = - 1
Al =0T 100000 S
—’Szlk - X - — 9(“_\ 9(,“_200 . %h‘j" O O . O
r-x) = E LT 1000 1
. +
A = R T T 0
Notice: These are 7 i ] To Get 2sComp( x ):
the negated bits of x. neg a:l-e Negate bis,
add 1.
X = Xn-\%.z’“%-”'%z%'%o
n Mj

Produce - x in 2's Complement (regardless of whether x is + or -):
Negate bits (aka 1's Complement), then add 1.
Simple logic: inverter on each bit, carry in to lowest FA set to 1.

==> We can use adder for signed subtraction

Lejrﬁ -(7&3_ )
s CMP of mdz. number (@xprcsm) e LS c_am@_
~ET— A nej- number i s comp.
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o T 41 1111 Labe 1000 .
OxnxX % * flp =» ©000  0Zbe 0111 <= fhp

Y y| =¥ oool O x Looo & +1

1)\“) ‘)|+§) QBB I&_ W (3'; O?
R ~ T —
exTreme /i lh-betweetn  Extreme opce
Case d

CJLSCAA N 00’05/ Wh@'{'x/?

wron}.



: B, ,
AATTY o A, LY b LA‘* ls&"‘r(B)
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B 8 0 SURB: Sub = 1
A FA
ST INL Gt b Cn emsub
S ~ S
— 3y |
v \ eg., 3-bt (3-1)
IR S, < Fo 3k (3-1)
e A=3 => 01l
I B=1 = 00 |
ADD QsComP(B\ > Lo+ = ||
Instruction decoder: —~NAND
Each opcode — - <UB A4S carries
"ot sina. |- SUB Z)f « o SUB h =20
| BR +(-B) + 1]
: (1010
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x>0,y>0 x>0,y<0 x<0,y<0
and x+y <0 and x-y <0 and x+y >0
215 comP
Oxxx 0OXXX %/ 1 XXX
Oyyy -1yyy => 0zzz* Tyyy
1sss 1sss Osss

* could bhe 1000 £RRoR

000
0o |
X
0190
01 ?
100 74
x<0,y>0
andx-y>0
QScaM,p
XXX ,/
- Qyyy =>1zzz
Osss
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Hex UJVI '
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- digits = {913 bbb T B RATcorpy =
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digh =39,L13,4,5,L,7} 301 means - (3)-(2) v (o)) + ()1
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T adecrned - base = 16 =(2%)

b obgls  bim repe e dyls  beorer
S 0000 g [Oocf
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= Left shift?

W\V\Jﬁ'p\\g ! ! 0 100 <el°<’-s X >
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+XV\ Xv\-\ ] Xk l OQ "'Q
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| Lro (o hen 150 = G
S s; 4 S > 5% 5 Cin = X
J
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In each column, if x = 0 then S is equal to the carry in. \_/
If x =1, there is a carry out and S is equal to the carry in. LefT g},‘,.ﬁ—
3-bit, parallel load, left-shift register
3
D, D D | & |
¥ D sl
= . \
s VTRV 2T T
S S ! S
Qz- Q, Qo I
Parallel write/load: we=1 and S=0: Q[2:0] <== D[2:0] after next clock tick.
Shift Left: we=1 and S=1: Q[2:0] <== {Q[1:0], IN} after next tick.
B'Lﬁ\'\' bou\;\e\' [USl'hg gt LSR] (UNs'ljmeé\)
What about

\Jf signed numbers?

f fL=9° mhiﬁ_<ﬂ=1 C 1
st s x\o L Comeno
L \ 0 Smﬂ’_ll\l'-o
><l \XO : v o Multiply.
L Lt shift Jv(%

Convert back.

Poradled. | OAD Q Poatled 0.tpit



MULTIPLY:
X ';Z = X (4+2+ l> = YX r2LX 4 2(‘\ gSR: partiall products, Iilni’[(i)ally X.
: partial sum, initially 0.
- a6 Ol 7<l shfte 1 shft 0 Sl\'n[\‘}f RSR: initially y.

Y= c B A | Z:  all0s

O 0 ---060 - S" RSR's low-bit MUXes Z or LSR to

+ A Xony oo X, X, +CA> adder.
et oo o «shit LSK =
no s e 2 Do '

sg,it 0 Ky Koy " X:\ 0 ‘: 0

2(n +1)

S . S" “' A S"'S"' Sm

42, n+)

liurrl S:zn

What if y has a 0 bit? Then add 0 instead
of shifted x: e.g., y = 0...101 add 0, not B.

< ~e wr’ﬁﬁ 1ol | Muﬂﬂéﬁ[%
o Loxél\ —> x 0 (ol Jr“l‘
— i 9 © 000040 T TH 4 (lon)
£<— O0-s <—
(ol 4 g o 001011 i
4 o © 000000 < l-shif <—>’.:o
oot +®®1011@®é/7_5k{3+u<__y1=\
|
0 o fihe = 00 1 1 0o 1 1

- |
pqgs'\\)\d CM/UA) We ' (L o) —&/"‘
6 :bw ﬁﬁ% Wwp ((otl) )
a X 3 oo MOWM; o ehethe

Y .o o 1 oo O

A

Can we simply multiplier?

-- Get rid of zero register and mux. 'x//‘\ R ’—//\\kg

-- Use y_i to write enable write-enable S register. ‘jﬁﬂ
NS ALY

Can we speed up multiply? We currently iterate n times A<<%D

to multiply n-bit numbers. Add more hardware? How? (l

i
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S




right-shift(y ) == y/2

DIVIDE: left-shif(y) == yX2  ===>
Div b &
| . s
R-Sh\{'\f . /,‘“ . —> ( assume
0 pos.
Logid ) padded
In‘\‘eger Division
drop :cw«ainclc(‘
011 Rshft - ool
B +~X =1

ol (kshf) — 000)

X:k'%#‘r ?
T =y

- f:#ks

Ok, for division by a
power of 2.

4w duise,
Z w gucf!le)n.-(—

m X

R-shift(n) = divide-by-2"n
v ]
But, if divisor is not power of 27 ‘
vl ko k oA

| 1 |
Lk ko
] \ |

divBySubtraction( x, k )

divByAddition( x, k)

q=0; q=0; y=0
while( x >= k) while (x -y >=k)
q++ q++
Xx=X-Kk y=y+Kk
endWhile endWhile
tme = (7( ﬁ)
We d Bk (?(!&:3%3) = bk 15
L. Ah OO N'O )/_\3\0
= fomg Awion, y 3)17¢
i b 000 150
1. Try largest power of 10, subtract from x. ROV L€
2. If partial sum is non-negative, save digit. ’ Q
3. Try next smaller power of 10, subtract from x or x 3)7[
from remainder depending on prior result. -2 Y4
el

etc.



INTEGER (unsigned) DIVISON
X =Kkq +r k = divisor, q = quotient, r = remainder (let's ignore r for now). FIND q.

%:/{Qz’ "/kghln*/(an_lazn—("'+/(€g020
o Y

(% /k/ll) O thew %w=1 \00\000\.--00\%

AR L- skﬁ@h

Y < K %n_.iw bt b 30;{ X & (%’/k zn x)

a(n+") - bt R-shft Rfj-
| <— n—-—=s|

0k, .. A k00 - 00| K

:i' %L Move notNegative
‘| N % RIGHT one bit position
et
|

after each SUB.

4} (\ ho\LNej Zﬂ'\/<
Eoro . ﬁ/\ Move q LEFT one bit
position after each SUB.

n-b + [ Sl'l ]CT Reé_ (write is to lowest bit

position)




F/oa‘hv. 5 Po\h\\;} n- bk

O—T—-
r)—-n——

K-scaled integers: n-bit integer x represents k*x, range = k*2”n.

Jr_‘,_. m'\'ejuj , It M}}«

- P ho ohsmdﬂ/yiwy\ UL

\+—0——f——\+\x——4“/"\ —— ol;scnaLtyJL'““ = X,
(l -1) & Nean /k‘ 9 greor = jﬁ = 507

Sars M;JL he pe,pr‘(’sWLUR/eﬂﬂm 75}"76. Near K(Q_> % ,R//k

~
4

A(27-1)

ypznur !

FP, exPonen'hk.l scoJi'\g

\ o WS Cam ve.Presﬁ"‘_Y Can we get more

consistent errors?
2" (1.xv2) / /
% | Z 3 17, 5,
2
O
2—('-lll> 2'(1_"[) = (2+).|.}£+‘4> 2 (\.lll)
2—0(!+I/Z*l/“l+yg> s/+2+/+/2- i(l/#}
= Yaelral (L We can't represent every number. N
il:ﬂf_j{ "’\ We choose what type of errors to live with. e :
- (4) _ |
o= insi i iallv | g T —— = 4
(VL) The part inside "( ... )" is essentially integer. Q 32
)

_ The exponent determines the scaling.
n - - =
q> trvor w 2 /31

==> geometrical-progression scaled integers

gF.F Forwal , Sinyk FloaY

n-bt ket e

31 30 ... 2322 .. O
e | 7 (% vha(x)=g2x1f
. J/ - L §=0 : +
[0 00000010:11010...0 Sa1: -
' v ¥

z +;L + 3
St X 2110100 = Lx(1+h

/z,>




? ( :
RCP\'ESCY\T O \ Lo w0'0 .., O

I‘b we  wed A5 -Comp é,f. E , whati the smalleit @ 8-b¥, 1000 0000 = —128

-128

L x 1.00..0 Hali smil. Do we need & ?

! ! Well, maybe we can live with that?
S'10000000: 00 -+ 60| Means 0 We have to stop somewhere.

How many bits do we need for 4 decimal digits of precision?

/2,(’)19,»5
6.02.3 Xlozi
—— - . . 3
. 3 ke iﬁ 2 30“7)} v35 bfs
7 .
L}A\ST\—S Lj IR ( ’70..)’:7) o olljfl_

L/o‘;g.X ﬂ: |7 b s
Oll'ﬁ’ﬁ L/‘:]L g :t> |Q </jre;:5’m/>< L

c\ngH’ (A3 bils are enougt,)

row\cyz_ of E7?

(2 dec. a5 ) Z(Jl 33»\;} - 6 bl )3 ) bt s J
2_ L} le gkﬂi‘f é’<g -

N

h
R
Vet s theck

E = éq \/\ow
273 29 Q how ahn tﬂLs /
[O ~ 8 { ) L do wt‘ %ZJ fa ET Wmvxﬂ hits vxee)c,é.?

[o; (¢9) % I+Loj(4t/§=7



Sorting is most common operation for numerical data

Checking x > y seems hard for floats.

Checking n > m for ints: do ( n - m) and check sign bit, if 0 then True.

Can we check x >y using integer hardware?
That is, can we treat x and y as if they were integers, and do integer subtraction?
L st BE Levks ok |
* ol ] = Looks Sk AP
O ) =b LM Sty — 27
:?ALL (ﬁféﬂﬁ ane greaj'er ‘t/&m 4/@
(=) ss Lo AI-Comp,

Hoto ahbsud tha exponet oI % Xo Y @ QM Comp

L{—;LISWV\“P eXP 3’Bl+l l"COMP e.xp
X Q A [Og] —
\ - — i terp (cjjlool
/ [M’,ﬁ_/o— cl,cl,ol
A: Ol -&Xp 1) 0}%856 art ,@aﬂ.}m
B =t Vo) as oNsigues, ~  darn.
X = +23'(1'00'“O> (0 01100---0) %
BH;{‘-(M --9) (0111000 y

%ﬂu—«éﬁ_/ﬁkz 7

RM,MMW@%é%XM”’}



Suppose SEM(X) = stm Cta;) /é)f e, = VCL{MC( E[3
CW\aa comarl 1SN

Nite: €,2 €, =P 26'(1.1()7 262(1.](»

B 1
E
Bl\’fk_,\_\ regardless of the fractional parts.
7 o| E
Me T8 skt ek
oV

Svﬂwx’e ¢ ¢+ CAH---

>< : m E. L 3C1..
. \4[ 0’)\81-0‘0) lcl (l“i _ le‘H(("t/?_)

Largert = 9%(1- %)

gﬂ?l]ﬁt poss! /e 3

(Reverse result fa Y\eg.) x \ /,__,

CFn sfav\s * resuH‘is OIov{ou5> v s s A K
So, meke E, Sk bgmn tha E
b\)wﬁ we have Se fan
5t eppoment (singk Fleat) oviy (a-( = 127)

}/5 WP{LM(N& ~\& 600.00(0 (o)
(1
o

l
(

—-— o
o—c¢

(
| 5wl

[ Qoo p o0l (-\27, A/o'i’ I/G() rgScy‘\/\th An f{jho«)

fosoqaee (<128 woT used gujmls 0%)

Lot
]C(_% S % P




E.G., 3-bit exponents in 2s-complement

goal: make all negative exponents look smaller than
all positive exponents AS unsigned ints.

B
E=e+ 011
value e in 2s-comp E in excess-3
+3 011 +011 ==> 110
+2 010 +011 ==> 101
+1 001 +011 ==> 100
0 000 +011 ==> 011
-1 111 +011 ==> 010
-2 110 +011 ==> 001 Rm &’W o ’tZ,d{’
-3 101 +011 ==> 000 *
-4 100 +011 ==> 111 ~*
* These codes are reserved for special uses. )
The exponent values -3 and -4 are not allowed. W‘}V{x :
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So much for encoding data. We could go on to audio, video, ... But, back to noise and errors.

"message" could be a bit, a string of bits, a
character, a page of characters, ...
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Code words 00 and 11 are good data, 10 and 01 indicate 1-bit errors. Last bit is "parity" bit, odd parity
codeword indicates error. Works for k-bit messages w/ 1 parity bit (if 2-bit errors very unlikely).

Pty scheme (TR _purity b7t

1-bit Error Correction w/ 3-bit code words:

"0" ==> 000
"7 ==> 111
001 ==> "0" 011 ==> "1"
010 ==> "0" 101 ==> "1"
100 ==> "0" 110 ==> "1"
A@ bits P bk P*EZYL pdf'fé{ (,éec/(
iy 258 ecor Jakedel

_s( “00
I-b “”e“m errror correct U

1-bit Correction, 2-bit Detection
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-- 0odd parity: 1-bit error corrected

-- exactly two 1's: 2-bit error detected oloe 10|
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How many extra bits, at minimum? )
Depends on noise in channel: 0080 o 1o lon 1
Shannon Noisey Coding Theorem. 000
o [ ]
We use 4 bits, 1-bit data. v 0\o] b
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1-bit error: detect + correct
2-bit error: detect



Hamming 7,4 code:
Find distances to all other code words.
’r T “1\ 1 GREEN-PARITY: Bits[ 3,2, 0]
BLUE-PARYT: Bits[3, 1, 0]
V) 00 000 RED-PARITY: Bits| 2, 1,0]
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ASCII (See back cover of PP)

HEX CODE MEANING Printable? Ja:i't(

00 NUL no . +
01 SOH  no Cammunicalions ¢D
20 space yes Lantrel S‘Jm‘s \L
WV,
8 e m
41 A yes
42 "B"
7 B;ﬁ‘é AJJrcsslﬁ.,Ue
61 "a" yes
@ T addc Memary bits
7A "z" yes -
) 0oll 0010
(other stuff, non-standard)
1 000 [ 11
gl H100 0001

What to Print

A

3 0110 110
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Starting Memory Address

4-byte number (in hex notation) 0

two 2-byte numbers (in hex)
four 1-byte numbers (in hex)

one 4-byte string

(see "od" in unix)
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What is displayed (left-to-right)
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