CS124 Lecture 9 Spring 2010

9.1 The String reconstruction problem

The greedy approach doesn't always work, as we have seatkk flexibility; if at some point, it makes a wrong

choice, it becomes stuck.

For example, consider the problemsifing reconstruction. Suppose that all the blank spaces and punctuation
marks inadvertently have been removed from a text file. Youlditike to reconstruct the file, using a dictionary.

(We will assume that all words in the file are standard English

For example, the string might begin “thesearethereasoAsjreedy algorithm would spot that the first two
words were “the” and “sea”, but then it would run into troublé/e could backtrack; we have found that sea is
a mistake, so looking more closely, we might find the first é¢hweords “the”,“sear”, and “ether”. Again there is
trouble. In general, we might end up spending exponentiaé tiraveling down false trails. (In practice, since
English text strings are so well behaved, we might be abledkenthis work— but probably not in other contexts,

such as reconstructing DNA sequences!)

This problem has a nice structure, however, that we can tdkengage of. The problem can be broken down
into entirely similar subproblems. For example, we can aklktiver the strings “theseare” and “thereasons” both
can be reconstructed with a dictionary. If they can, then areglue the reconstructions together. Notice, however,
that this is not a good problem for divide and conquer. Theaeas that we do not know where the right dividing

point is. In the worst case, we could have to try every posdiipéak! The recurrence would be

n—1
TN =Y T@H)+T(n—1).
2
You can check that the solution to this recurrence grows esptially.

Although divide and conquer directly fails, we still wantritake use of the subproblems. The attack we now
develop is calleddynamic programming. The way to understand dynamic programming is to see thadediand
conquer fails because we might recalculate the same thiagand over again. (Much like we saw very early on
with the Fibonacci numbers!) If we try divide and conquer,wik repeatedly solve the same subproblems (the case
of small substrings) over and over again. The key will be tmicithe recalculations. To avoid recalculations, we use

a lookup table.

9-1
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In order for this approach to be effective, we have to thinksabproblems as being ordered by size. We solve

the subproblems bottom-up, from the smallest to the largesil we reach the original problem.

For this dictionary problem, think of the string as being araps[1...n|. Then there is a natural subprob-
lem for each substring]i... j]. Consider a two dimensional arrd&)(i, j) that will denote whethes]i... ] is the

concatenation of words from the dictionary. The size of gpsoblem is naturallyd = j —i.

So now we write a simple loops which solves the subprobelnasdar of increasing size:

ford:=1ton—1do
fori:=1ton—ddo
ji=i+d;
if indict(s]i ... j]) thenD(i, j) := true else
fork:=i+1toj—1do
if D(i,k) andD(k, j) thenD(i, j) := true;

This algorithm runs in timed(n3); the three loops each run over at mastalues. Pictorially, we can think of the
algorithm as filling in the upper diagonal triangle of a twioaénsional array, starting along the main diagonal and

moving up, diagonal by diagonal.

We need to add a bit to actually find the words. Eét, j) be the position of end of the first word 8fi ... j]
when this string is a proper concatenation of dictionarydsotnitially all F (i, j) should be set to nil. The value for
F(i, ) can be set whenev@(i, j) is set to true. Given thE(i, j), we can reconstruct the words simply by finding
the words that make up the string in order. Note also that wieuse this to improve the running time; as soon as we

find a match for the entire string, we can exit the loop andrresuiccess! Further optimizations are possible.

Let us highlight the aspects of the dynamic programming @agt we used. First, we used a recursive descrip-
tion based on subproblemBx(i, j) is true if D(i,k) andD(k, j) for somek. Second, we built up a table containing
the answers of the problems, in some natural bottom-up ofiderd, we used this table to find a way to determine

the actual solution. Dynamic programming generally ineslthese three steps.

9.2 Edit distance

A problem that arises in biology is to measure the distant¢evd®n two strings (of DNA). We will examine the
problem in English; the ideas are the same. There are mamsjb®sneanings for the distance between two strings;
here we focus on one natural measure dfiedistance. The edit distance measures the number of editing opegtion

it would be necessary to perform to transform the first stimg the second. The possible operations are as follows:
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e Insert: Insert a character into the first string.
e Delete: Delete a character from the first string.

e Replace: Replace a character from the first string with aratharacter.

Another possibility is to not edit a character, when theehdatch. For example, a transformation frawtivate

to caveat can be represented by

The top line represents the operation performed. Safineactivate id deleted, and thés replaced. Thein

caveat is explicitly inserted.

Theedit distance is the minimal number of edit operations — that is, the nunabénserts, Deletes, or Replaces
— necessary to transform one string to the other. Note thdatiéa do not count. Also, it is possible to have a
weighted edit distance, if the different edit operations have different costs. Weently assume all operations have

weight 1.

We will show how compute the edit distance using dynamic gagning. Our first step is to define appropriate
subproblems. Let us represent our stringsAfiy. .. n| andBJ1...m|. Suppose we want to consider what we do with
the last character d&. To determine that, we need to know how we might have tramsfdrthe firsh— 1 characters
of A. Thesen— 1 characters might have transformed into any number of sjgr@di®, up tom. Similarly, to compute
how we might have transformed the first- 1 characters oA into some part oB, it makes sense to consider how

we transformed the first— 2 characters, and so on.

This suggests the following submproblems: we willli, j) represent the edit distance betwed. . .i] and
B[1...]]. We now need a recursive description of the subproblemsdardo use dynamic programming. Here the
recurrence is:

D(i,j)=minD(i—1,j)+1,D(i,j—1)+1,D(i—21,j—1)+I1( # j)].

In the abovel (i # j) represents the value 1iif# j and 0 ifi = j. We obtain the above expression by considering the
possible edit operations available. Suppose our last tiperia a Delete, so that we deleted itlecharacter ofA to

transformA[1...i] to B[1... j]. Then we must have transform@dlL...i — 1] to B[1... j], and hence the edit distance
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would beD(i — 1, j) + 1, or the cost of the transformation froAjl...i — 1] to B[1... j] plus one for the cost of the
final Delete. Similarly, if the last operation is an Insehie tost would b®(i, j — 1) + 1.

The other possibility is that the last operation is a Reptafdheith character ofA with the jth character 0B,
or a Match between these two characters. If there is a Mdteh, the two characters must be the same, and the cost
isD(i—1,j—1). If there is a Replace, then the two characters should berdift, and the cost B(i — 1, j — 1) + 1.

We combine these two cases in our formula, udog—1,j — 1) +1(i # j).

Our recurrence takes the minimum of all these possibilitieressing the fact that we want the best possible

choice for the final operation!

It is worth noticing that our recursive description does wairk wheni or j is 0. However, these cases are
trivial. We have

D(i,0) =i,
since the only way to transform the fiistharacters of\ into nothing is to delete them all. Similarly,

D(0,j) = J.

Again, it is helpful to think of the computation of thg(i, j) as filling up a two-dimensional array. Here, we
begin with the first column and first row filled. We can then fill the rest of the array in various ways: row by row,

column by column, or diagonal by diagonal!

Besides computing the distance, we may want to compute thaldcansformation. To do this, when we fill
the array, we may also picture filling the array with pointef®r example, if the minimal distance f&x(i, j) was
obtained by a final Delete operation, then the €el]) in the table should have a pointer (fio- 1, j). Note that a
cell can have multiple pointers, if the minimum distancelddwave been achieved in multiple ways. Now any path
back from(n,m) to (0,0) corresponds to a sequence of operations that yields themamidistancé(n, m), so the

transformation can be found by following pointers.

The total computation time and space required for this &lgoris O(nm).

9.3 All pairs shortest paths

Let G be a graph with positive edge weights. We want to calculatestiortest paths betweevery pair of nodes.
One way to do this is to run Dijkstra’s algorithm several tsnence for each node. Here we develop a different

dynamic programming solution.
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Our subproblems will be shortest paths usimty nodes 1..k as intermediate nodes. Of course wikaguals

the number of nodes in the graph),we will have solved the original problem.

We let the matridDy([i. j] represent the length of the shortest path betwedl j using intermediate nodes 1 k.
Initially, we set a matrixDg with the direct distances between nodes, givenibyThenDy is easily computed from

the subproblem®y_1 as follows:

Dkli, j] = min(Dk-1]i, j],Dx-1]i, k] + Dk-1[K, j]).

The idea is the shortest path using intermediate nodesk kither completely avoids node in which case it
has the same length &_1[i, j]; or it goes througlk, in which case we can glue together the shortest paths found

fromi tok andk to j using only intermediate nodes .1k — 1 to find it.

It might seem that we need at least two matrices to code thiisn ffiact it can all be done in one loofEXercise:

think about it!)

D = (d;j), distance array, with weights from alto all |
fork=1tondo
fori=1tondo
forj=1tondo

DJi, j] = min(D[i, j],D[i.k| + Dk, j])

Note that again we can keep an auxiliary array to recall thaah@aths. We simply keep track of the last
intermediate node found on the path froto j. We reconstruct the path by successively reconstructitegrivediate

nodes, until we reach the ends.

9.4 Traveling salesman problem

Suppose that you are givercities and the distancel; between them. The traveling salesman problem (TSP) is to
find the shortest tour that takes you from your home city tahadlother cities and back again. As there @re- 1)!

possible paths, this can clearly be don®im!) time by trying all possible paths. Of course this is not vefficeent.

Since the TSP is NP-complete, we cannot really hope to findlynpmial time algorithm. But dynamic

programming gives us a much better algorithm than tryinghelpaths.
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The key is to define the appropriate subproblem. Supposembddbel our home city by the symbol 1, and
other cities are labeled 2., n. In this case, we use the following: for a subSeif vertices including 1 and at least
one other city, le€(S, j) be the shortest path that start at 1, visits all other nod&; amd ends aj. Note that our
subproblems here look slightly different: instead of firgltours, we are simply finding paths. The important point
is that the shortest path froirto j through all the vertices i% consists of some shortest path froro a vertexx,

wherex € S—{j}, and the additional edge frorto j.

forall jdoC({i, |}, ) := dy;
for s= 3 to n do %sis the size of the subset
for all subsetsSof {1,...,n} of sizescontaining 1 do
forall jeS j#1do
C(S ]) := minixies[C(S—{]j},i) +dij]
opt:=min4C({1,...,n},j)+dj1

The idea is to build up paths one node at a time, not worryindegest temporarily) where they will end up.
Once we have paths that go through all the vertices, it is @aslyeck the tours, since they consists of a shortest path
through all the vertices plus an additional edge. The algaritakes timed(n?2"), as there ar@®(n2") entries in the
table (one for each pair of set and city), and each t&kes time to fill. Of course we can add in structures so that

we can actually find the tour as weltxercise: Consider how memory-efficient you can make this gbrithm.



